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In this letter, we discuss generation of magnetic field from cosmological perturbations. We consider
the evolution of three component plasma (electron, proton and photon) evaluating the collision term
between elecrons and photons up to the second order. The collision term is shown to induce electric
current, which then generate magnetic field. There are three contributions, two of which can be
evaluated from the first-order quantities, while the other one is fluid vorticity which is purely second
order. We estimate the magnitudes of the former contributions and shows that the amplitude of the
produced magnetic field is about ∼ 10−19G at 10Mpc comoving scale at the decoupling. Compared
to astrophysical and inflationary mechanisms for seed-field generation, our study suffers from much
less ambiguities concerning unknown physics and/or processes.
PACS numbers:
INTRODUCTION
There are convincing evidences that imply existence
of substantial magnetic fields in various astronomical ob-
jects. Not only galaxies but systems with even larger
scales, such as cluster of galaxies and extra-cluster fields,
have their own magnetic fields (for a review on cosmo-
logical magnetic fields, see e.g., [1]). Conventionally the
magnetic fields in galaxies, and possibly in clusters of
galaxies, are considered to have been amplified and main-
tained by dynamo mechanism. However, the dynamo
mechanism needs the seed magnetic field and does not
explain the origin of the magnetic fields.
There have been many attempts to generate the seed
fields. One of the approaches to this problem is to gen-
erate magnetic fields astrophysically, often involving the
Biermann mechanism [2]. This mechanism has been ap-
plied to various systems: large-scale structure formation
[3], ionizing front [4], protogalaxies [5] and supernova
remnant of the first stars [6]. These studies showed the
possibilities of magnetic-field generation with amplitudes
of order 10−16 ∼ 10−21G, which would be enough for the
required field ∼ 10−20G.
On the other hand, cosmological origins, which are of-
ten concerned with inflation, can produce magnetic field
with coherence lengths of much larger scales, which is
typically the horizon scale or possibly super-horizon scale
[7, 8, 9, 10, 11]. Also they can often produce fields with
a wide range of length scales, while astrophysical mech-
anisms can produce fields only with their characteristic
scales. For a constraints on magnetic field with cosmo-
logical scale, see [12].
In this Letter, we consider magnetic-field generation
from cosmological perturbations after inflation. Around
and after the decoupling, coupling among charged par-
ticles and photons become so weak that electric current
can be induced by the difference in motions of protons
and electrons. This electric current leads to generation of
magnetic fields. It is well known that vorticity of plasma
produces such electric current [13, 14, 15, 16, 17, 18].
However, because vorticity is not produced at the first
order in cosmological perturbations, we must study the
second order. We will consider equations of motion for
protons, electrons and photons separately up to the sec-
ond order, although equation of motion for photons does
not appear explicitly. To study electric current appro-
priately, we must treat the three components separately
[17]. Furthermore, we will evaluate the collision term
between electrons and photons, which is dominant and
essential for the magnetic-field generation, up to the sec-
ond order. From the equations of motion for protons
and electrons, we obtain a generalized Ohm’s law, which,
combined with the Maxwell equations, leads to an evo-
lution equation for magnetic field. Our study is based
on the cosmological perturbation theory, which is highly
successful in the anisotropies of the cosmic microwave
background, and suffers from much less ambiguities con-
cerning unknown physics and/or processes compared to
astrophysical and inflationary mechanisms for seed-field
generation. Thus our results are robust.
2FORMULATION
Euler equations for proton fluid and electron fluid are
given by
(δiµ + u
iuµ)
(
T µνp ;ν + T
µν
EMp;ν
)
= C(C)ipe + C
(T )i
pγ , (1)
(δiµ + u
iuµ)
(
T µνe ;ν + T
µν
EMe;ν
)
= C(C)iep + C
(T )i
eγ , (2)
where T µν
p(e) and T
µν
EMp(e) are the energy-momentum tensor
of proton (electron) fluid and electromagnetic field cou-
pling to protons (electrons) current, respectively. Here
µ, ν = 0, 1, 2, 3 and i = 1, 2, 3. The projection of the di-
vergence of the energy-momentum tensors are computed
as
(δiµ + u
iuµ)T
µν
;ν
= (ρ+ p)uµui;µ + (δ
i
µ + u
iuµ)P
,µ, (3)
(δiµ + u
iuµ)T
µν
EM;ν = −j
νFµν , (4)
where ρ, P and jµ are the energy density, pressure and
electric current, respectively. The r.h.s. of Eq. (1) and
(2) represent the collision terms. C
(C)µ
pe = −C
(C)µ
ep is the
collision term for the Coulomb scattering between pro-
tons and electrons. This term leads to the diffusion of
magnetic field and can be neglected in the highly con-
ducting medium in early universe. On the other hand,
the collsion terms for the Thomson scattering between
protons (electrons) and photons are expressed as C
(T )µ
p(e)γ .
Because the collision term for the protons can be ne-
glected compared to that for the electrons, difference in
velocities of protons and electrons will be induced which
leads to electric current. This electric current becomes a
source for magnetic field.
Now we evaluate the collision term for the Thomson
scattering:
γ(pi) + e
−(qi)→ γ(p
′
i) + e
−(q′i), (5)
where the quantities in the parentheses denote the par-
ticle momenta. The collision integral C
(T )
γe [f(pi)] for this
scattering is given as
C(T )γe [f(pi)] =
2π4
p
∫
d3p′
(2π)32Eγ(p′)
∫
d3q
(2π)32Ee(q)
∫
d3q′
(2π)32Ee(q′)
×|M |2δ [Eγ(p) + Ee(q)− Eγ(p
′)− Ee(q
′)] δ(3) [pi + qi − p
′
i − q
′
i] {fγ(p
′
i)fe(q
′
i)− fγ(pi)fe(qi)}
∼
πne
4m2ep
∫
d3p′
(2π)3p′
|M |2 {fγ(p
′
i)− fγ(pi)}
{
δ(p− p′) + (pi − p
′
i)u
i
e
∂δ(p− p′)
∂p′
}
, (6)
where Eγ(e) and fγ(e) are the energy and the distribution
function of photons (electrons), respectively, |M |2 is the
scattering amplitude and me is the electron mass. Then
we obtain the collision term in the Euler equation (2), as
C(T )iγe [f(pi)] =
∫
d3p
(2π)3
piC(T )γe [f(pi)]
=
4σTργne
3
[
(uie − u
i
γ) +
1
8
uejΠ
ij
γ
]
, (7)
where σT is the cross section of the Thomson scattering.
Here moments of the distribution functions are given by∫
d3p
(2π)3
pfγ(pi) = ργ , (8)∫
d3p
(2π)3
pifγ(pi) =
4
3
ργu
i
γ , (9)∫
d3p
(2π)3
pife(pi) = ρeu
i
e, (10)∫
d3p
(2π)3
p−1pipjfγ(pi) =
1
6
ργΠ
ij
γ +
1
3
ργδ
ij , (11)
where Πijγ is photon anisotropic stress. It should be
noted that the collision term (7) was obtained non-
perturbatively with respect to the cosmological pertur-
bation.
Altogether, the Euler equations for protons and elec-
trons are written as
mpnu
µ
pu
i
p;µ − enu
µ
pF
i
µ = 0, (12)
menu
µ
eu
i
e;µ + enu
µ
eF
i
µ
= −
4σTργn
3
[
(uie − u
i
γ) +
1
8
uejΠ
ij
γ
]
, (13)
where mp is the proton mass, and the pressure of proton
and electron fluids are neglected. We also assumed the
charge neutrality: n = ne ∼ np. Subtracting Eq. (12)
multiplied by me from Eq. (13) multiplied by mp, we
3obtain
−
mpme
e
[
nuµ
(
ji
n
)
;µ
+ jµ
(
mp −me
mp +me
ji
en
− ui
)
;µ
]
+en(mp +me)u
µF iµ − (mp −me)j
µF iµ
= −
4mpσT ργn
3
[
(uie − u
i
γ) +
1
8
uejΠ
ij
γ
]
, (14)
where uµ and jµ are the center-of-mass 4-velocity of the
proton and electron fluids and the net electric current,
respectively, defined as
uµ ≡
mpu
µ
p +meu
µ
e
mp +me
, (15)
jµ ≡ en(uµp − u
µ
e ). (16)
Noting the Maxwell equations Fµν;ν = j
µ, we see that
the first term in the l.h.s. of Eq. (14) are suppressed,
compared to the second term, by a factor [19]
c2
L2ω2p
∼ 3× 10−47
(
1010cm−3
n
)(
1Mpc
L
)2
, (17)
where c is the speed of light, L is a characteristic length
of the system and ωp =
√
4πne2/me is the plasma fre-
quency. Second order vector perturbations are contained
in the covariant derivative of the electric current and were
evaluated in [16]. They obtained the current magnetic
field of order 10−29G at 1Mpc scale. As we will see be-
low, this is much smaller than a value we obtain in this
paper, which justifies the neglection of the first term in
the l.h.s. of Eq. (14).
The third term in the l.h.s. of Eq. (14) is the Hall
term which can also be neglected because the Coulomb
coupling between protons and electrons is so tight that
|ui| ≫ |uip−u
i
e|. Then we have a generalized Ohm’s law:
uµF iµ = −
4σTργ
3e
[
(uie − u
i
γ) +
1
8
uejΠ
ij
γ
]
≡ Ci. (18)
Now we derive the evolution equation for magnetic
field. This can be obtained from the Bianchi identities
F[µν,λ] = 0, as
0 = ǫijkuµF[jk,µ]
= uµBiµ −
1
u0
ǫijkCju
0
,k + ǫ
ijkCj,k
−(ui,jB
j − uj,jB
i) +
u0,j
u0
(Bjui −Biuj), (19)
where ǫijk is the Levi-Civita` tensor and Bi ≡ ǫijkFjk/2 is
comoving magnetic field. We can expand the photon en-
ergy density, fluid velosities and photon anisotropic stress
as
ργ =
(0)
ρ γ+
(1)
ρ γ + · · · , u0 = 1+
(2)
u 0 + · · · ,
ui =
(1)
u i+
(2)
u i + · · · , Π
ij
γ =
(1)
Π
ij
γ + · · · , (20)
where the superscripts (i) denote the order of expansion.
Remembering that Bi is a small quantity, we see that
most of the terms in Eq. (19), other than the first and
third terms, can be neglected. Thus we obtain
B˙i ∼ −ǫijkCj,k
∼
4σT
(0)
ρ γ
3e
ǫijk
[ (1)
ρ γ,k
(0)
ρ γ
(
(1)
u ej−
(1)
u γj
)
+
(
(2)
u ej,k−
(2)
u γj,k
)
+
1
8
(
(1)
u el,k
(1)
Π
l
γj+
(1)
u el
(1)
Π
l
γj,k
)]
, (21)
where the dot denotes a derivative with respect to the
cosmic time, and we used the fact that there is no vortic-
ity in the linear order: ǫijk
(1)
u j,k = 0. The contributions
of the first two terms in Eq. (21) were first noticed in [17].
From this expression, we see that magnetic field cannot
be generated in the linear order. Here it should be noted
that the velocity of electron fluid can be approximated
to the center-of-mass velocity at this order,
(1)
u ie ∼
(1)
u i.
The linear-order quantities have only scalar compo-
nents so that we can write as
(1)
u ie ∼
(1)
u i = −ikˆiu,
(1)
u iγ = −ikˆ
iuγ , (22)
(1)
Π
i
γj = −(kˆ
ikˆj −
1
3
δij)Πγ , (23)
Also we define ρ¯γ ≡
(0)
ρ γ and δγ ≡
(1)
ρ γ/ρ¯γ . Then we
can rewrite the Fourier component of Bi in terms of the
Fourier components of δγ , u, uγ and Πγ , as
4Bi(K, t) =
4σT
3e
ǫijk
∫ t
dt′ρ¯γ(t
′)
∫
d3k′
(2π)3
k′jKk
[
δγ(| ~K − ~k
′|, t′)δubγ(k
′, t′)−
3 ~K · ~k′ − 2k′2
24k′2| ~K − ~k′|
u(| ~K − ~k′|, t′)Πγ(k
′, t′)
]
−
4σT
3e
∫ t
dt′ρ¯γ(t
′)
[
Ωi(K, t′)− Ωiγ(K, t
′)
]
, (24)
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FIG. 1: Power spectra (multiplied by k) in the source term of
Eq.(24) at z ≈ 1100. The solid and dashed lines correspond
to power spectra of 〈|δγ(u− uγ)|〉 and 〈|Πγu|〉, respectively.
The spectra have been normalized to agree on large scales at
present epoch.
where kˆi is the unit vector in direction of ki, δu ≡ u −
uγ . Vorticities, which come from the second-order vector
perturbation, are defined as Ωi = ǫijk
(2)
u k,j and Ω
i
γ =
ǫijk
(2)
u γk,j . Eq. (24), which describes the evolution of
magnetic field, is one of our main results.
EVALUATION OF SOURCE TERMS
Here we briefly evaluate the first two terms in the r.h.s.
of Eq. (24) which are constructed from the first-order
quantities. The evaluation can be easily accomplished
by using linearized Boltzmann code such as CMBFAST
[20]. In figure 1 we show the power spectra of these terms
multiplied by k, kPδu(k) and kPΠu(k), around the last
scattering epoch z ≈ 1100. Here the power spectra are
defined as〈
|δγ(~k){u− uγ}(~k
′)|
〉
= Pδu(k)δ
(3)(~k − ~k′) (25)〈
|Πγ(~k)u(~k
′)|
〉
= PΠu(k)δ
(3)(~k − ~k′). (26)
For this illustration all cosmological parameters were
fixed to the ΛCDM values, i.e., (h, ns,Ωbh
2,ΩΛ, A) =
(0.71, 0.99, 0.022, 0.74, 0.83).
We found that these two terms contribute to the gen-
eration of magnetic field at almost the same order of
magnitude at all scales. This can be understood since
δγ ∼ uγ (acoustic oscillations), u − uγ ∼ εRu, and
Πγ ∼ εuγ in the tight coupling approximation of baryon-
photon fluid, where ε being tight coupling parameter and
R = 3ρb/4ργ ∼ O(1) around the last scattering epoch.
From the spectra we can estimate the field strength
of generated magnetic field at the decoupling epoch as
B ∼
8σT aργ
3e k
3Pδu(k) ∼ 10
−19G at 10Mpc comoving
scale. If the magnetic field decays adiabatically accord-
ing to the cosmic expansion, the current magnetic field
is about 10−25G.
DISCUSSION AND SUMMARY
In this letter, we discussed generation of magnetic field
from cosmological perturbations. Separate treatment of
protons, electrons and photons, and appropriate evalua-
tion of collision term allowed us to obtain the evolution
equation for magnetic field. We saw that electric current
would be induced by collision term between electrons and
photons. Up to the second order, there are three con-
tributions which act as sources for magnetic field. In
addition to well-known vorticity effect, we found a con-
tribution from the anisotropic stress of photons. Then
we estimated the magnitudes of two of the three con-
tributions which can be evaluated from the first-order
quantities. We showed the two contributions are com-
parable at all order and the amplitude of the produced
magnetic field is about 10−19G at 10Mpc comoving scale
at the decoupling. Concerning these two contributions,
power spectrum of the produced magnetic fields and cor-
relation with the cosmic microwave background must be
studied. We will present them elsewhere soon [21].
To evaluate the vorticity term, second-order perturba-
tion theory is necessary. Although many authors have
been trying this [22, 23, 24, 25], the complete formula-
tion including matter perturbations is still a challenging
problem.
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